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The topological stable rank of a Banach algebra A is the least integer n = U(A) 
such that L’,(A) is dense in A”, where U,(A) = {(a,. . . . . U,)E A”: x;-, Au, = A}. We 
give a spectral characterization of the condition “tsr(A) < n,” valid for arbitrary 
Banach algebras. For a commutative Banach algebra A, the condition tsr( A) > n is 
related to the presence of some kind of discs in the spectrum X(A). i IYXH Acadcmlc 
Press, Inc 
INTRODUCTION 
The topological stable rank of a Banach algebra A was introduced by 
Rieffel [20] in his study of the cancellation property for projective module 
for the irrational rotation C*-algebras. It is a good topological substitute 
for the algebraic stable rank of a ring, introduced by Bass [2 J. This paper 
is divided in three parts. The first section contains a spectral charac- 
terization of the topological stable rank of a Banach algebra A: tsr( A) < n if 
and only if there exists a dense subset D of A” whose elements have thin 
spectra (where a compact Kc a=” is said to be thin if its topological dimen- 
sion is less than 2n). This result is based on some classical theorems on 
dimension theory, taken from [ 163. The second section deals, essentially, 
with finitely generated commutative Banach algebras. We prove that 
tsr( A) 6 n + I if A is n-generated and give some conditions for the equality. 
These conditions are related to the presence of “discs” in the spectrum 
of A. This section ends with applications to some “almost abelian” 
operator algebras. Finally, the third section presents several open problems 
concerning the Bass stable rank and the topological stable rank. 
We thank Prof. Marc Rieffel for correcting some mistakes in the first 
version of this paper. 
* 1980 Mathematics Subjects Classification. Primary: 46H05, 46JOS; secondary: 47D30, 
54F45. 18F25. 
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1 
1.1. DEFINITIONS. Let A be a ring with identity and n a positive integer. 
An element a = (a,, . . . . un)~ A” is (lejt) unimodulur if there exists he A” 
such that C:-, h,u, = 1; U,,(A) denotes the set of such elements of A”. We 
say that a E G’,,(A) is reducible if there exist x,, . . . . X, , in A such that 
(U,+.YIu,,,u,+.~,cl,,,...,u,, ,+-y,, ,Q,,)EU,, ,(A). 
The ring A is n-sruhle ut r E A if every (a,, . . . . a,, c() in U,, + ,( A ) is 
reducible. The (Ba.ss’) stable rank of A is at most n (sr(A) Q n) if every 
a E U, + ,(A) is reducible or, equivalently, if A is n-stable at r for every 
XEA. We write sr(A)= rc if sr(A)>n for every n>, I. 
In this paper A will be a (real or complex) Banach algebra with identity. 
Thus, it makes sense to consider the product topology on A” and it is easy 
to see that [/,,(A) is an open subset of A”. We say that the (left) topological 
stuhke rank of A is at most n (tsr( A) f n) if C/‘,,(A) is dense in A”. We write 
tsr( A) = x, if tsr( A) > n for every n 2 I. 
1.2. Remurks and exumpkes. (I ) The stable rank of a ring A was first 
introduced by Bass [2], at the beginning of the K-theory. It was an 
instrument to get some stabilization results of the K, functor. This 
definition got the attention of analysts when Vaserstein [24, Theorem 71 
proved that sr( A) = [d,‘2] + 1 if A is the algebra of all complex continuous 
functions on a space X, d is the topological dimension of X, and [di2] 
is the greatest integer not greater than cl/Z. Vaserstein’s equality has 
been recently studied by the first author and Larotonda [7] who proved 
that for every commutative complex Banach algebra A it holds that 
sr(A)d [d/2] + 1, where d is the dimension of the spectrum X(A) of A. 
Moreover, sr(A) = [d/2] + 1 if A is regular, i.e., if the hull-kernel and 
Gclfand topologies of X(A) coincide [7, lo]. However, there exist many 
algebras for which sr( A) < [d/2] + 1. For example, if A is the disc algebra 
then sr(A) = I and d= 2. This fact was proved by Jones, Marshall, and 
Wolff [17], and, independently, by the authors [9]. It seems that 
[d/2] + 1 - sr(A) measures the regularity of A, but we have only some 
examples supporting this conjecture (see [lo]). 
(2) The topological stable rank was introduced by Rieffel [20] who 
proved, at about the same time as the first author and Larotonda [6, 
Theoreme 23, that sr(A) < tsr(A) for every Banach algebra A. (It should be 
noted, however, that Robertson [21,22] considered, by the Iirst time, the 
conditions sr( A) = I and tsr( A) = I for a C*-algebra A.) 
In a recent paper, Herman and Vascrstein [15] proved that 
sr(A) = tsr( A) for C*-algebras. The disc algebra is an example for which 
Rieffel’s inequality is strict: sr( A ) = 1 and tsr( A ) = 2. Moreover. if A,, is the 
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n-polydisc algebra then [n/2] + I d sr(A,,) d n and tsr(A,) = n + 1 [lo]. It 
is an open problem to know exactly the number sr(A,). 
(3) The definition of the stable rank uses only left unimodular 
n-tuples and it should lead to a left notion. However, Vaserstein [24, 
Theorem 23 proved that a ring A and its opposite AoP have the same stable 
rank, showing that the left and right stable ranks coincide. It is a question 
of Rieffel [20, I.51 if the left and right topological stable ranks coincide. 
(4) For a commutative complex Banach algebra A the computation 
of sr( A) is reduced to a topological problem: sr(A) Q n if and only 
if for every aE A the restriction induces a surjecrive mapping 
[X(A), S”’ ‘1 + [Z,, S”’ ‘1 (here the brackets denote homotopy classes 
of maps and Z, is the closed subset of all h E A’( A) such that h(a) = 0) [ IO]. 
For non-commutative Banach algebras, however, there exists no 
systematic way of estimating stable ranks. In the case of C*-algebras there 
are several known computations; thus, it is known that the algebra L(H) of 
all bounded operators on an infinite dimensional Hilbert space has infinite 
stable rank [6, 203 (actually, de la Harpe stated this fact earlier without 
proof [ 131); it is also known that the algebra K’ obtained by adjoining a 
unit to the ideal K of all compact operators on H has topological stable 
rank 1 [6, 203. 
If A is a Banach algebra, n 2 1 and a = (a,, . . . . a,,) E A”, the (left joint) 
spectrum of a is a(a)=a,(a)= {iec”: u-j.4 U,,(A)}. It is a compact 
subset of @“, but it may be empty [ 143. 
I .3. PROPOSITION. Let u E A” und suppose that 0 = (0, . . . . 0) E C” is not an 
interior point of a(u). Then UE C’,,(A) (the closure (?1‘ C’,,(A)). 
Proof: If OE C”\a(a) then UE U,(A). It suffices, then, to suppose that 
0 E &(u) (the boundary of a(a) in c”). In this case there exists a sequence 
i.,,, in C”\a(a) such that i, -+O. This means that a,,,=~- L,E U,,(A) and 
a,, + a, so we have a E U,,(A) 1 
1.4. Remark. The converse of the proposition is false, in general. For 
example, taking tz = 1, A = C( [ - 1, I 1) (the algebra of all complex maps on 
the interval [ - 1, I]). and f~ A such that its image is the whole square 
[ - 1, l] x [ - I, 1 ] (a “Peano curve”), it is clear that 0 E ‘E belongs to the 
interior (-1, 1)x(-l, I) ofo,(f)=/([-1, I]), but/is a limit of inver- 
tible elements of A because U,(A), which is the group of units of A, is 
dense in A (this is a particular case of [24, Theorem 51 or [20, 1.71). 
1.5. COROLLARY. Ler A he u Banach algebra such /huI, jbr ever! u E A”. 
0 is not an interior point of (T(a). Then sr(A),< tsr(A) <n. Moreover, 
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tsr(A ) < n if there exists a dense subset D qf A” such that 0 is not an interior 
point of‘ a(a) for ecery a E D. 
Given a Banach algebra A and a two-sided ideal J, let J + be the sub- 
algebra of A generated by J and the identity 1. When J is closed, J + is a 
closed subalgebra. In both cases, J + is a full subalgebra of A, i.e., 
J+ n A’= (J’)’ where denotes the group of units. In particular, 
a,(a)=a,-(u) for every aEJ +. 
The next corollary generalizes [6, Section 2, Corollaire]; (cf. also [20, 
3.61). 
1.6. COROLLARY. Let E he a Banuch space, L(E) the Banach algebra of 
all bounded, linear operators on E, and K the closed ideal of all compact 
operators K(E). Then sr( K ’ ) = tsr( K -I ) = 1. Moreocer, sr(J + ) = I for ervr? 
ideal J c K(E). 
Proof: First, suppose that J is a closed ideal of L(E) contained in K(E). 
By the most elementary spectral theory if TE K(E), a,,(.,( T) is at most 
denumerable, a fortiori it has no interior. By the remarks above, if TE J + , 
a,.,.,(T) = a, + (T) and, applying Corollary 1.5, we get sr(J + ) = 
tsr(J’) = 1. 
In general, if J is not closed and I = J, then J ’ is a full dense subalgebra 
of I +. It is easy to see, then, that sr(J+)<sr(l’) (see [7]) and we get, by 
the first case, sr(J’ ) = I. 1 
1.7. EXAMPLE. Let H be a separable Hilbert space. Then the trace class 
I,, the Hilbert-Schmidt class fZ, and, in general, the Schatten ideals Ip [23] 
are examples of ideals J consisting of compact operators, and by 
Corollary 1.6 sr(J + ) = I. This fact seems to be useful to study the 
homology of some discrete groups associated with operator algebras [ 18, 
3.183. 
It should be noted that, for the special case of a C*-algebra J of compact 
operators the equality sr( J ’ ) = 1 follows, combining the following facts: 
(1) every such J is isomorphic to a co-direct sum of algebras 
isomorphic to K(H) [I. 1.4.51 and 
(2) the topological stable rank of a co-direct sum of a family {A,, 1 of 
Banach algebras is the sup tsr(A,,) [20, 5.23. 
The next results show that there is a close relationship between the 
topological stable rank of a Banach algebra A and the dimension of the 
joint spectra of the elements of A”. 
Given a subset G of C” and a Banach algebra A we set 
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A,,. = {a~ A”: a(a) c G). It is easy to see that A, is open (resp. Gh) if G is 
open (resp. Cd). 
Let us consider the following subset of lRZnr: M$,,, = {;. E RZm: i has at 
most k rational coordinates} (0 s k < 2~). It is a known result of dimen- 
sion theory that dim M:, d k [ 16, p. 291. It is clear that M:,,, is a G6 dense 
subset of R’“‘. By identifying C”’ to W”” we define 
D;‘(A)= A,M;,,= {a~ A”‘: a(a)c M:,,,) (k 6 2m). 
These sets have the following properties: 
(i) D;;,,(A) = A”‘; 
(ii) D;,“(A) is a G, (k 6 2m); 
(iii) Dy(A)cD;‘(A) for i<k<2m. 
1.8. THEOREM. Let A he a Banach algebra. Suppose that tsr(A) 6 n. Then 
4: -t ,I ,(A) is dense in A”’ fbr every m > n. 
ProoJ: Let I,,, = { 1, 2, . . . . m}, consider the subsets T, (1 <SQ (‘,“)) 
of I,,, containing exactly n elements, and define v,: A”’ + A” by 
v,(u,, . . . . a,,) = ((I,,, . . . . u,,) if T, = (j,, . . . . j,,) and j, < j, if i< k. It is clear 
that V, is an epimorphism of Banach spaces; in particular. each v,, is an 
open map. Let {i.,: k E N) be the set of all rational points of c” and put 
A = (7, (L:,,(A) + &). 
Observe that A is obviously a G, set; it is dense in A” because it is a 
denumerable intersection of open dense subsets of A” (Baire’s theorem). 
Then A, = V, ‘(A) is a dense G, subset of A”’ because r, is open. 
Now, L = 0, A, is dense in A’“. To linish the proof we shall show 
that L c 0;;; , ,,-, (A). Take UEL. If a(a) ~5 M;:‘” ‘, there is a 
z= (i, + i/c,, . . . . i .,,, + ip,,,)Eo(a), with J.,, P,E [w such that at least n + m 
i.,, pli are rational numbers. Then we have n pairs (i .,,, p,,), . . . . (3.,n, p,,) with 
,j, < jk if i < k such that i,,, p/k E Q (i, k < n). These pairs correspond to some 
(a,, 1 . . . . a,‘/.) = ~.,(a) if T, = {.j,, . . . . j,,}. Then z’ = (i,, + ip,, , . . . . i.,” + ip,,) = 
I’,(z)E v,(cT(z)). Now, z’ is a rational point of C” and UE L; then 
z’ $# a( v,(a)): in fact, if 1’ E a( V,(U)), V,(U) - 2’4 (i,(A) and then 
\v,(u) 4 U,,(A 1 + =‘, which means that a $ v, ‘(U,,(A) + z’) 2 L, contradicting 
the assumption. Thus, 2’ E ~,~(a(a))\a(~,(a)), which contradicts the spectral 
inclusion v.,(a(a)) c a(r,,(a)) (see [ 14, Theorem 3.21). 1 
1.9. COROLLARY. Let A he a Banach algebra. Given a positiw number m, 
there c.ri.vts a denw .suh.set L,,, of’ A” such that dim(a(a)) -m d tsr(A) - 1 
,fur e’ccq- a E L,,, 
STABLE RANGE CONI~ITIONS 437 
Proof: Let n = tsr(A). If n = 3c, the inequality is trivial, so we suppose 
that n is finite. 
If m<n, dim(a(a))-m<2m-m=m<n. If man, L,=D;+,,,_ ,(A) is 
dense A”, by the theorem above, and dim(a(a)) <n +m - I for every 
UE L,, by Hurewicz’s result mentioned above. 1 
1.10. COROLLARY. Let A be u Bunach algebra. Then tsr(A) < n < EYZ if 
and only if there exists (I dense subset D of A” such that a(h) has no interior 
.for ecery b E D. 
ProoJ: The sufficiency has been proved in Corollary 1.5. To see the 
reverse implication it sufftces to take D = L, in the corollary above: in fact, 
for every hi D, dim(a(b)) d 2n - 1 < 2n and a(h) cannot have interior 
points in C”. 1 
1.11. Remarks. ( 1) The last corollary provides a spectral charac- 
terization of the topological stable rank. 
(2) The results just proved hold for Frtchet algebras. It should be 
noted, however, that there is no known relation between Bass’ and 
topological stable ranks, for a genera1 Frichet algebra. 
2 
In this section we consider only complex commutative Banach algebras. 
We say that A is n-generated if there exist elements a,, . . . . a, of A such that 
the complex polynomials in these elements form a dense subalgebra of A; 
we denote by y(A) the least such n. 
2.1. THEOREM. Let A be (I finitely generared Banuch algebra nith spec- 
trum X(A); then 
dim(X( A)) - y(A) < tsr( A). 
ProoJ Let n = y(A) and s = tsr( A). Then dim( X( A)) < n + s means that 
for every E > 0 and every map f: X(A) + IR” + ’ there exists a map 
F:X(A)+IW~+“=W*‘/{O} such that IIF -f(h)11 <E for every hEX(A) 
[16, p. 833. If u,, . . . . a, generates A then, taking a = (a,, . . . . u,), we get the 
homeomorphism d: X(A) -+ a(a). By the Stone-Weierstrass theorem, the 
map g=J‘“ci ‘: a(a) + R”‘” be can approximated by a polynomial 
p = p(z, ) z, ) . . . . z,, 5, ) such that IIp(z) - g(z)11 < ~/4, VZE a(a). By the com- 
pacity of a(a) there is a 6 >O such that IIp(wO)- p(w,)ll <c/4, Vw,~a(a), 
H’~ E C”, if IIH., - wOll < 6. Now, by applying Theorem 1.8 we get b E A” 
such that (Ih - all < 6 and dim(a(h)) <n + s. Then Ilp(fi(h)) -f(h)\1 d 
580;81;2-16 
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Ilp(&h)) - p(ri(h))j( + Ilp(d(h)) -f‘(h)/; < q’2, Vh E X(A). It suffices, then, to 
approach p c fi by a map with image in R$+ (‘. More precisely, there exists a 
map q: a(h) -+ lR;+ ’ such that IIp(z) - q(z)11 <c/2, Vz E a(h), because 
dim(o(h)) < n + s; then (lp(h(h)) - q(&h))lj < 42, Vh E X(A), and 
q( &X(A))c IF!:’ ‘, as claimed. 1 
2.2. Remark. Suppose that y(A) ,<n. Then X(A) is homeomorphic to a 
compact subset of C” and dim(X(A)) ,< 2n. The theorem above asserts that 
dim(X(A)) < n when tsr(A) = I. Thus, knowing the number tsr(A), we get a 
better estimation for dim(X(A)). 
2.3. THEOREM. Lut A he a Banach algebra generated by a,, . . . . a,. Let M 
he a real or complex suhmamf~ld of C” containing the image of the map 
b = (6, ) . ..) Li,): X(A)-+@“. I/m=dim M then tsr(A)d [m/2] + 1. 
Prooj: Let s = [m/2] + I. By Corollary 1.10, it suffices to prove that, for 
every polynomial map p = (p, , . . . . p,,): C” -+ C’, a(p(a)) has no interior in 
@‘. By the spectral mapping theorem a(p(a))= p(a(a))=image of 
p _ ti c p(M) and dim p(M) <nnz because a differentiable map does not 
increase the dimension of a submanifold. Thus dim(a(p(a)))< 
dim(p(M)) <m < 2[m/2] + 2 = 2s and, in particular, a(p(u)) has no 
interior, as claimed. 1 
2.4. Remurk. Actually, the same argument shows that the result holds 
with the following weaker hypothesis: for every hex(A) there exists a 
compact neighborhood V of h and a submanifold M of @” such that 
dim(M) = m and ri( V) c M. 
2.5. LEMMA. Let Xc C” he a compact set with non-uoid interior. Then 
.1‘(--I= 2 - A dejines u mup such that f$ U,( C( X) ) .fi)r ecery i in the interior 
of x. 
Proof: Take i in the interior of X and choose c >O such that 
B,:(i.) = (z E C”: x; IZ< - %,I’ < E*) c X. If .X E S,(i) = {z E CU: 
z.; (2, - i.,J’ = r:’ }, then Il,f((x)ll = c. Suppose that there exists u E U,( C(X)) 
such that I/U(Z)-f(z)/1 <E, ViEX. Then F,(z)=J(z)+t(~(z)-J(Z)) 
(TV [0, 11) defines a homotopy S,,(i)x I-, Cl between fls ,,,;) and ~1~ ,,,,,. 
Now, U( S,(i) extends to u 1 B,(1): B,(A) -+ C: and, in particular, uIs,(;., is 
null-homotopic. But then it should be fls,,;., null-homotopic, which is 
absurd becauseflS,(A) is the translation of S,(i) in S,:(O) c Cl. 1 
We omit the easy proof of the following fact 
2.6. LEMMA. Let f: A -+ B he a homomorphism oj’ Banach algebras. Then 
tsr(B)<tsr(A) iff(A) is dense in.B. 
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2.7. THEOREM. Let A he a n-generated Banach algebra. Then 
tsr( A) < n + 1. Moreover, lj’ a,, . . . . a, generates A and a( X( A)) has non-void 
inferior in a3” lhen tsr( A ) = n + 1. 
ProajI The lirst assertion follows from Theorem 2.3, taking M = Q=“. 
Identify X(A) with a(X(A)) c C”. It is clear that A’ is a dense subalgebra of 
P(X(A)) (the closure in C(X(A)) of the polynomials). Thus, by Lemma 2.6, 
tsr(A) >, tsr P(X(A)). If i. is an interior point of X(A), then 
f(z)=:-;.EP(X(A))” and it cannot be approached by elements of 
I/‘,,(C(X(A))), by Lemma 2.5; in particular, tsr( P(X(A))) b n + 1. 1 
2.8. Remark. Observe that the result just proved does not depend on 
the particular choice of the generators a,, . . . . a,,. In fact. if h,, . . . . h,, 
generates A then 6(X( A)) has non-void interior because it is 
homeomorphic to ci( X( A)). 
As an application, we estimate the stable rank of a non-commutative 
algebra with two generators that “almost” commute. More precisely, let 
L(E) be the algebra of all bounded operators on the Banach space E; we 
say that S, TE L(E) almost commute if ST - TS E K(E). 
2.9. COROLLARY. Let S and T he almost commuting operators on a 
Banach space E and A the closed subalgebra of’ L( E) generated by S and T. 
Then tsr( A ) < 4. 
Prooj: A well-known result of Vaserstein [24, Theorem 43 says that, 
for every ring A and every ideal J of A, 
max{sr(A/J), sr(J)} <sr(A) <max{sr(A/J) + 1, sr(J)) 
(where the stable rank of J, which we have not defined, is at most sr(J * )). 
Rieffel [20] proved for Banach algebras a similar inequality with tsr 
instead of sr. 
Let J be the closed ideal of A genated by ST - TS. By Corollary 1.6, 
tsr(J ‘) = 1 and, by Theorem 2.7, tsr(A/J) < 3, because A/J is a com- 
mutative Banach algebra with two generators. Thus, by applying Rieffel’s 
inequalities to this situation, we get tsr( A) < tsr( A/J) + 1 d 4. 1 
A similar argument leads to an estimation of the stable rank of the 
C*-algebra C*(T) generated by an essentially normal operator T, that is 
the self-commutator T*T- TT* is a compaxt operator (see [3] for several 
results on this class of operators). 
2.10. COROLLARY. Jf T is an essentially normal operator then 
sr(C*( T)) = tsr(C*( T)) < 3. 
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ProoJ Let I be the class of T in the Calkin algebra L(H)/K. Then the 
projection induces an epimorphism C*( T) + C*(I) whose kernel J consists 
of certain compact operators. Then sr(J’)= 1 and, by Vaserstein’s 
inequalities quoted in Remark 2.8, it follows that sr(C*( T)) d sr(C*(l)) + 1. 
Now, by the Gelfand- Naimark theorem, C*(r) is (isometrically) 
isomorphic to C(a(r)), where rr denotes the spectrum in C*(f); thus 
sr(C*(l)) = [d/2] + 1 ,< 2, if d= dim(a(r)), and sr(C*( T)) d 3, as claimed. 
2.11. Remarks. (1) Observe that o(r) is the essential spectrum of T. In 
particular, if dd 1 then sr(C*( T)) < 2. This happens, for instance, if T is the 
unilateral shift [43 or if T is essentially self-adjoint, that is, if T- T* is 
compact. 
(2) Similar arguments lead to the estimation of the stable rank of 
more general algebras of operators like those studied by Coburn [S], 
Cordes [ 1 I], and Gokhberg and Krupnik [ 123: for example, if 
A = r(S*” ’ ) is the C*-algebra generated by all Toeplitz operators on 
H2(S2” ‘1 associated with functions of C(S*“- ‘) (Coburn [S]) then 
n - 1 6 sr(A) 6 n. 
Our last result show that we can get a lower bound for tsr(A) when the 
spectrum X(A) admits some kind of “discs.” More precisely, given a com- 
pact subset E of X(A), let A, be the closure of alE in C(E); then A, is a 
uniform algebra with spectrum X(A.)= (VEX: Ih( d llcillE. VUEA) 
(cf. [193). 
2.12. THEOREM. Suppose thur there esists q5 E A;. such that 1+3 is a 
homeomorphism onto u compact subspuce of Q)” with non-coid inlerior. Then 
tsr(A) > n + 1. 
Proof: The Gelfand transformation A -+ C(X(A)) followed by the 
restriction to E gives a homomorphism from A into A, with dense image. 
By Lemma 2.6, it sufftces to prove that tsr(A.)>n + 1. There is no loss of 
generality if we suppose that there is a closed ball B around the origin of 
Cn contained in b(E). Let I/I: B -+ E be a map such that 4 L: II/ = 1 B, that is, 
@k(lc/@)) = zkr Vz E B. Suppose that 4 E U,( AK)-. Then there exist 
LJ,,E U,,(A,) (HEN) such that SUP,,~ liu,($(u)) - #($(z))ll -+ 0 ifi- 00, But 
u,c II/ E U,(C(B)) and this contradicts Lemma 2.4 (with i. = 0, X= B, and 
f = le). 
2.13. Remark. This theorem partially generalizes our Theorem 2.6. 
Indeed, Theorems 2.6 and 2.12 are the first results providing lower bounds 
for tsr. We have not been able to prove that tsr(A) 2 n + 1 if X(A) contains 
a compact subset homeomorphic to a closed ball of C”. 
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3 
OPEN PROBLEMS. One of the most diflicult problems concerning the 
stable rank of Banach algebras seems to be in finding sr(H * ); indeed, it is 
not known even if sr(H”) is finite or not. Another interesting problem is in 
exactly computing the stable rank of the n-polidisc algebra. We have 
previously mentioned the [n/2] + 1 d sr(A,,) <n. It is easy to prove that the 
sequence {sr(A,)} . IS non-decreasing; the problem is related to our knowing 
the cohomotopy groups of some closed subsets of the polydisc [lo]. 
Another problem is in studying the difference tsr( A ) - sr( A ) when sr( A ) 
is finite. For example, does a constant C exist such that tsr(A) < C . sr(A)? 
We do not even know if tsr(A) is finite when sr(A) is linite. 
The topological stable ranks of A and C( X( A )) should be comparable in 
some sense. Is it true that tsr(A)< tsr(C(X(A))) ( = [d/23 + l)? Is the 
opposite inequality true? 
!Vow added in proo/: In the paper “Dense Morphism in Commutative Banach Algebras” 
(Trans. Amer. Marh. SW. 304 (1987). 537. 547). we prove that %(A,) = [n/2] + I. This 
fact seems to bc related to the work by N. Victor, “Stable Range for Tensor Products or 
Extensions of K by C(X)” (INCREST, preprint, 1986). 
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